Abstract-The Ising model, consisting of magnetic spins, is the most important system in understanding phase transitions and critical phenomena. For the first time, the exact integer values for the density of states of the triangular-lattice Ising model with eighteen spins on a side and free boundary conditions are evaluated. Also, the exact specific heats are obtained for the triangular-lattice Ising ferromagnet and antiferromagnet at the same time.
I. INTRODUCTION
Phase transitions and critical phenomena are the most universal phenomena in nature. The Ising model, consisting of magnetic spins, is the simplest system showing phase transitions and critical phenomena at finite temperatures. The Ising model has played a central role in our understanding of phase transitions and critical phenomena [1] . Also, the Ising model explains the gas-liquid phase transitions accurately. Based on the Ising model, various theoretical methods such as mean-field theory, power-series expansion and analysis, renormalization group, and canonical transfer matrix have been developed to understand phase transitions and critical phenomena.
In particular, computer simulations have been the most popular method in studying phase transitions and critical phenomena due to the recent fast growth of computer hardware and software technologies. To investigate the phase transition and critical behavior of a given system as a continuous function of temperature, to obtain the partition function zeros showing most effectively phase transitions and critical phenomena, and to perform microcanonical analysis for phase transitions and critical phenomena, we need to calculate the density of states as a function of energy. The most computational methods to calculate the density of states yield the approximate density of state [2] - [13] .
On the other hand, the microcanonical transfer matrix [14] - [39] Using the exact density of states of the triangular-lattice Ising model with eighteen spins on a side, we obtain much more accurately the specific heats of two different systems (the triangular-lattice Ising ferromagnet and antiferromagnet) at the same time. Based on the specific heats of the triangular-lattice Ising ferromagnet and antiferromagnet, we discuss the phase transitions and critical phenomena of these systems.
II. ISING MODEL
The Ising model on the equilateral triangular lattice [15] with eighteen spins on a side and free boundary conditions is defined by the Hamiltonian
where J is the coupling constant, <i, j> indicates a sum over all bonds between any nearest-neighbor spin pairs σ i and σ j , and σ i =±1 (1 for upward magnetic spin and -1 for downward magnetic spin). On triangular lattice, each spin has the six nearest neighbor spins except for the spins on the boundary edges. The triangular-lattice Ising model with L spins on a side has N=L(L+1)/2 spins and B=3(N-L) bonds. Therefore, there are N=171 spins and B=459 bonds for the equilateral triangular lattice with eighteen spins on a side (L=18) and free boundary conditions. Next, we define the density of states, Ω(E), with a given energy
where E is integers between 0 and 4B/3=612 for L=18. Then, the partition function of the triangular-lattice Ising model (a sum over all possible spin configurations)
where β=1/kT (k is the Boltzmann constant and T is temperature), can be written as
The partition function is the most important function in thermodynamics, statistical mechanics, and physical chemistry.
III. DENSITY OF STATES
The microcanonical transfer matrix [14] - [39] , an exact computation method, is applied to calculate the exact integer values for the density of states of the Ising model on the equilateral triangular lattice with eighteen spins on a side (L=18, N=171, B=459). First, an array ) 1 (  , which is indexed by energy E and the eighteen spin variables (1) ( 1 18)  i σ i for the first row, is initialized with the seventeen horizontal bonds as
where δ is the Kronecker delta. Second, by introducing the seventeen spin variables (2) ( 1 17)  i σ i for the second row and considering the thirty-four vertical bonds between the first and second rows, the array
After taking the sixteen horizontal bonds of the second-row spins, we obtain 
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
This kind of a large integer number is stored in a computer by using a positional numeral system with a radix (or base) of 2 31 such as
Here, we need the six P j 's as follows:
143620068, 1  P 
IV. EXACT SPECIFIC HEATS
Given the exact integer values for the density of states Ω(E), the free energy F is exactly given by ).
From the exact free energy, the exact thermodynamic functions can be obtained. For example, the exact specific heat can be expressed as [32] , [37] ).
It should be noted that the exact specific heats of two different systems (the ferromagnet and the antiferromagnet) can be obtained at the same time in this work. Fig. 1 shows the exact specific heat of the Ising ferromagnet (J>0) on the equilateral triangular lattice with eighteen spins on a side and free boundary conditions. The specific heat shows the sharp peak at T=3.232J/k, signaling the phase transition between the low-temperature ferromagnetic phase and the high-temperature paramagnetic phase. 260  264  268  272  276  280  284  288  292  296  300  304  308  312  316  320  324  328  332  336  340  344  348  352  356  360  364  368  372  376  380  384  388  392  396  400  404  408  412  416  420  424  428  432  436  440  444  448  452  456  460  464  468  472  476  480  484  488  492 496 500 2 shows the exact specific heat of the Ising antiferromagnet (J<0) on the equilateral triangular lattice with eighteen spins on a side and free boundary conditions. The specific heat shows a peak at T=1.340|J|/k. But the peak of the triangular-lattice Ising antiferromagnet is not sharp, compared to the peak of the triangular-lattice Ising ferromagnet. Rather, the peak for the specific heat of the triangular-lattice Ising antiferromagnet resembles the Schottky-anomaly peak for the specific heat of the one-dimensional Ising model [40] .
V. CONCLUSION
For the first time, we have evaluated the exact integer values for the density of states of the Ising model on the equilateral triangular lattice with eighteen spins on a side and free boundary conditions, by classifying all 51 171 10 0 . 3 2   spin configurations according to their energy values. Using the exact density of states of the triangular-lattice Ising model with eighteen spins on a side, we have obtained much more accurately the specific heats of two different systems (the triangular-lattice Ising ferromagnet and antiferromagnet) at the same time. Based on the specific heats of the triangular-lattice Ising ferromagnet and antiferromagnet, we have investigated the phase transitions and critical phenomena of these systems. The specific heat of the triangular-lattice Ising ferromagnet has shown a sharp peak, signaling the phase transition between the low-temperature ferromagnetic phase and the high-temperature paramagnetic phase. On the other hand, the specific heat of the triangular-lattice Ising antiferromagnet has shown the Schottky-anomaly peak.
